Abstract. We provide a complete description of normal affine varieties with effective algebraic torus action in terms of what we call proper polyhedral divisors on semiprojective varieties. Our theory extends classical cone constructions of Dolgachev, Demazure and Pinkham to the multigraded case, and it comprises the theory of affine toric varieties.
Introduction
We present a complete description of normal affine varieties with effective algebraic torus action in terms of "polyhedral divisors" living on semiprojective varieties. Our approach comprises two well known theories: On the one hand, for varieties with an almost transitive torus action, our description specializes to the theory of affine toric varieties [9] , and on the other, for C * -actions, we get back classical constructions of generalized affine cones of Dolgachev [6] , Demazure [5] and Pinkham [22] , as well as the general theory of normal affine C * -surfaces recently developed by Flenner and Zaidenberg [8] .
Let us outline the main results of the present paper. Fix a normal semiprojective variety Y , where "semiprojective" merely means that Y is projective over some affine variety. A polyhedral divisor on Y is a linear combination D of prime divisors D i having as coefficients certain rational polyhedra ∆ i that live in a common lattice, i.e., a finitely generated free abelian group N , and have a common cone part σ ⊂ N Q (see Section 1 for the precise definition).
If the polyhedral divisor D is "proper" in the sense of 1.4, then we can associate a normal affine variety X endowed with an effective torus action to it: Let M denote the dual lattice of N . Via evaluation, we can also interprete the proper polyhedral divisor D as a piecewise linear convex map ω → CaDiv sa Q (Y ) from the dual cone ω ⊂ M Q of σ ⊂ N Q to the semiample rational Cartier divisors of Y . The convexity property of u → D(u) enables us to define a graded algebra of global sections:
Γ(Y, O(D(u))).
As we will prove, among other things, in Theorem 2.2, this ring is normal and finitely generated. Thus, it gives rise to a normal affine variety X := Spec(A), and the M -grading of A defines an effective action of the torus T := Spec(C[M ]) on X. Moreover, a canonical construction, based on the chamber structure of the GIT-quotients of X, shows that in fact every normal affine variety with effective In subsequent work, we will apply the language of pp-divisors to study general (not necessarily affine) normal varieties X endowed with an effective action of a torus T . In particular, we will focus on the case of dim(T ) = dim(X) − 1.
Finally, we would like to thank warmly Jan Arthur Christophersen for valuable and stimulating discussions.
Polyhedral divisors
In this section, we introduce the language of polyhedral divisors. The idea is to allow not only integer or rational numbers as coefficients of a divisor, but more generally, certain convex polyhedra. The essential points of this section are the definition of proper polyhedral divisors (pp-divisors), and an interpretation of this notion in terms of convex piecewise linear maps, see 1.4 and 1.6.
Let us briefly fix the notation from convex geometry. From here on, N always denotes a lattice, i.e., a finitely generated free abelian group. The associated rational vector space is N Q := N ⊗ Z Q. Given a linear map F : N → N ′ of lattices, we choose the notation F : N Q → N ′ Q also for the induced map of rational vector spaces.
By a cone in a lattice N we mean a convex polyhedral cone σ ⊂ N Q . The relative interior of a cone σ is denoted by relint(σ). The dual cone of σ lives in the dual lattice M := Hom(N, Z), and will be written as σ ∨ . Here we introduce the groups of polyhedra that will serve as coefficients for our divisors. Suppose that σ is a strictly convex cone in N . By a σ-polyhedron we mean a polyhedron ∆ ⊂ N Q of the form ∆ = Π + σ with a (compact) polytope Π ⊂ N Q having its vertices in N .
Together with Minkowski addition, the set Pol + σ (N ) of all these σ-polyhedra is an abelian semigroup allowing cancellation. Note that the lattice N is embedded into Pol The group of differences of Pol + σ (N ) will be denoted by Pol σ (N ). This group is free abelian, and it comes along with natural evaluation maps: Every u ∈ σ ∨ ∩ M gives rise to a linear map eval u : Pol σ (N ) → Z, where eval u (∆) := min ∆, u for ∆ ∈ Pol + σ (N ). We turn to divisors on varieties. Here, and moreover in the entire paper, the word variety refers to a complex variety, i.e., an integral scheme of finite type over the field C of complex numbers.
Let For our purposes, the following class of polyhedral divisors will be of central interest: We show now that the pp-divisors D ∈ PPDiv Q (Y, σ) correspond to certain convex piecewise linear maps σ ∨ → CaDiv Q (Y ). The precise definition of these maps is the following. Definition 1.5. Let Y be a normal variety and let ω be a cone of full dimension in a lattice M . We say that a map E : ω → CaDiv Q (Y ) is (i) convex if E(u) + E(u ′ ) ≤ E(u + u ′ ) holds for any two elements u, u ′ ∈ ω, (ii) piecewise linear if ω admits a subdivision by a quasifan Λ such that E is linear on the cones of Λ, (iii) strictly semiample if every E(u) is semiample and, for u ∈ relint(ω), it has a nonempty ample locus. The semigroup of all convex piecewise linear strictly semiample maps
Here, a quasifan Λ is a finite collection of not necessarily strictly convex cones in a lattice with the following properties, compare [23, 1.2]: For any λ ∈ Λ the faces of λ also belong to Λ and, for any two λ i ∈ Λ, the intersection λ 1 ∩ λ 2 is a face of each λ i . Proposition 1.6. Let Y be a normal variety, and σ a strictly convex cone in a lattice N . Then there is a canonical isomorphism of semigroups:
Under this isomorphism, the integral polyhedral divisors correspond to those maps sending
Proof. Surely, the assignment is a well defined injective homomorphism. Thus, we only need to verify that any convex piecewise linear map E : σ ∨ → Div Q (Y ) in the sense of Definition 1.5 (i) and (ii) arises from a polyhedral divisor. Since only finitely many prime divisors D 1 , . . . , D r occur in the images E(u), where u ∈ σ ∨ , we may write
where each h i : σ ∨ → Q is a Q-valued convex piecewise linear function in the usual sense, see for example [9] . Hence, each function h i is of the form u → α i eval u (∆ i ) with a σ-polyhedron ∆ i ⊂ N Q and some α i ∈ Q. Thus, the sum of all α i D i ⊗ ∆ i is a polyhedral divisor defining E.
This observation allows us to switch freely between pp-divisors and convex piecewise linear strictly semiample maps. In particular, we denote these objects by the same symbol, preferably by the gothic letter D. Example 1.7. Let Y be a smooth projective curve, and let σ be a cone in a lattice N . Then we can define the degree of a polyhedral divisor via 
pp-divisors and torus actions
In this section, we formulate the first results of this paper. They show that affine normal (complex) varieties with torus action arise from pp-divisors on normal semiprojective (complex) varieties. The latter class of varieties is defined as follows, compare also [11] : Definition 2.1. An algebraic variety Y is said to be semiprojective if its ring of global functions A 0 := Γ(Y, O) is finitely generated, and Y is projective over Y 0 := Spec(A 0 ).
In order to state the first result, fix a normal semiprojective variety Y , a lattice N , a strictly convex cone σ ⊂ N Q , and a pp-divisor D ∈ PPDiv Q (Y, σ). We associate to these data a certain normal variety X endowed with an algebraic torus action T × X → X and an equivariant, proper, birational map X → X onto a normal, affine T -variety X.
The idea is first to construct a certain graded O Y -algebra A. For this, recall that the sheaf of sections O(D) of a rational Cartier or Weil divisor D on Y is, similar to the usual case, defined via
where V ⊂ Y is open and ⌊D⌋ denotes the round-down divisor of D. Thus, the convexity property 1.5 (i) of the map u → D(u) ensures the existence of canonical multiplication maps
Hence, the sheaves O(D(u)), where u ∈ M ∩ σ ∨ , can be put together to a graded O Y -algebra A, and we can work with the relative spectrum X := Spec Y (A). Our first result shows the basic properties: A) is a finitely generated M -graded normal C-algebra, and we have a proper, birational T -equivariant contraction morphism X → X with X := Spec(A).
if Y f is affine, then so is X f , and the canonical map X f → X f is an isomorphism. Moreover, even for non-affine Y f , we have
In other words, Γ(Y f , A) consists of those elements of A f having an admissible degree.
The proof will be given in Section 3. As the following two examples show, the result extends both the construction of affine toric varieties, see e.g. [9] , and the Dolgachev-Demazure-Pinkham construction of good C * -actions, see [6] , [5] and [22] :
Example 2.3 (Affine Toric Varieties). Let σ be a cone in a lattice N . Then the associated affine toric variety X σ is defined as the spectrum of the semigroup algebra C[σ ∨ ∩ M ], where M is the dual lattice of N , and σ ∨ is the dual cone of σ.
We can also obtain X σ as the X = X of a pp-divisor: Take Y := Spec(C), and let D ∈ PPDiv Q (Y, σ) be the trivial divisor.
Example 2.4 (Good C * -Actions). Let Y be a normal projective variety, and let D be an ample rational Cartier divisor on Y . These data give rise to a pp-divisor: Let σ be the positive ray in N := Z, and consider D := D ⊗ (1 + σ). Then D corresponds to the map
If D is an integral Cartier divisor, then X = Spec Y (A) is the total space of a line bundle, and X → X is the C * -equivariant contraction of the zero section. Thus, the affine variety X is an affine cone over Y . For D being a rational divisor, X is called a generalized cone over Y .
In our second result, we look at it the other way around. We show that every normal affine variety X with an effective torus action arises from a pp-divisor D ∈ PPDiv(Y, σ) on some normal semiprojective variety Y in the sense of the preceding construction.
Let us recall a little background for the precise formulation. Given a lattice M , we have an associated algebraic torus T := Spec(C[M ]). The possible actions of T on an affine variety X = Spec(A) correspond to gradings
The weight monoid S of a T -action consists of all u ∈ M admitting a nontrivial uhomogeneous f ∈ A, and the weight cone is the (convex polyhedral) cone ω ⊂ M Q generated by S. Note that ω is of full dimension if and only if the action is effective. 
For the proof, we refer to Section 5. Our construction of the semiprojective variety Y and the pp-divisor D is basically canonical. It relies on the chamber structure of the collection of all GIT-quotients of X that arise from possible linearizations of the trivial bundle.
We conclude this section with a further example. We indicate how to recover the Flenner-Zaidenberg description [8] of normal affine C * -surfaces from Theorems 2.2 and 2.5: Example 2.6 (Normal affine C * -surfaces). Any normal affine surface X with effective C * -action arises from a pp-divisor D ∈ PPDiv Q (Y, σ) with a normal and hence smooth curve Y and a strictly convex cone σ ⊂ Q.
The curve Y is either affine or projective. In the latter case, we have σ = {0}, because otherwise the convexity property D(1)+ D(−1) ≤ 0 would contradict strict semiampleness of D. Thus, up to switching the action by t → t −1 , there are three cases:
Elliptic case. The curve Y is projective and σ = Q ≥0 holds. Then the C * -action on X is good, i.e., it has an (isolated) attractive fixed point. Moreover, D is of the form Parabolic case. The curve Y is affine, and σ = Q ≥0 holds. Then the C * -action has an attractive fixed point curve, isomorphic to Y . Moreover,
with effective D i , but no condition on the numbers v 1 , . . . , v r ∈ Q. Again, D is determined by its evaluation D := D(1).
Hyperbolic case. The curve Y is affine, and σ = {0} holds. Then the generic C * -orbit is closed. For the pp-divisor D, we obtain a representation 
Proof of Theorem 2.2
This section is devoted to proving Theorem 2.2. We start with a basic observation concerning multigraded rings, which will also be used apart from the proof of Theorem 2.2.
Lemma 3.1. Let M be a lattice, and let A be a finitely generated M -graded A 0 -algebra. Then, every (convex polyhedral) cone ω ⊂ M Q defines a finitely generated algebra
Proof. Let f 1 , . . . , f r be homogeneous generators of A, and let u i ∈ M denote the degree of f i . Consider the linear map F : Z r → M sending the i-th canonical basis vector to u i . Then
is a strictly convex, polyhedral cone. Let H ⊂ γ be the Hilbert Basis of the semigroup γ ∩ Z r . Then, A (ω) is generated by the elements f Along these lines, we will first prove that X → X is a proper map between decent varieties, and dim( X) = dim(Y ) + dim(T ). This is done in the following Steps 1 to 3. The remainder is settled in Steps 4 to 6.
Step 1. Assume that σ ∨ is a regular cone in M , i.e., σ ∨ is isomorphic to Q 
Then we obtain an O Y ′ -algebra and an associated variety:
Note that X ′ is obtained from the rank r vector bundle X over Y by blowing up the zero section s 0 : Y ֒→ X. In summary, everything fits nicely into the following commutative diagram:
The equality X ′ = X of the spectra of the respective rings of global sections follows from
In order to reduce our problem to the case r = 1, we have to ascertain that L ′ is basepoint free. Since π( X
suffices to show that any given x ∈ X ′ \ Y ′ admits such an f of degree n ∈ N >0 with f (x) = 0. But this is easy: Consider the canonical projections
Since X ′ \Y ′ equals X \Y , at least one of these maps does not send x ∈ X \Y to the zero section of X i . By semiampleness of D i , there is a homogeneous f ∈ Γ(Y, A i ) of nontrivial degree me i with f (x) = 0.
Step 2. Assume that σ ∨ is a simplicial cone and that u → D(u) is still a linear map.
We will first show that X is a variety. For this we only have to verify that A is locally of finite type over O Y . Choose a sublattice L ⊂ M of finite index such that L, σ ∨ and u → D(u) restricted to σ ∨ ∩ L match the assumptions of the previous step. By linearity we may extend the assignment
; hence, it is locally of finite type. Choosing representatives u 1 , . . . , u k of M/L and, moreover, finitely many local generators g ij ∈ A ui , we see that A grp M is a finite A grp L -module; hence, it also is locally of finite type. Eventually, we notice that the inclusion A ⊂ A grp M fits exactly into the situation of Lemma 3.1. Hence, A is a locally finitely generated O Y -algebra.
Write for the moment A M := A, and, analogously, let
Then the canonical morphism X M → X L of the corresponding relative spectra is a finite map of varieties; in fact, it is the quotient for the action of the finite group Spec(C[M/L]) on X given by the grading.
From the preceding step we know that X L is proper over the affine variety
where the lower row is finite because κ : X M → X L is proper, and thus, Γ(
Step 3. Let D be general.
We may subdivide σ ∨ by a simplicial fan Λ such that D is linear on each of the maximal cones λ 1 , . . . , λ s of Λ. Then, by Step 2, we know about the corresponding proper maps X i → X i . The embedding of the cones into the fan yields birational projections X → X i and X → X i , which in turn lead to closed embeddings
Step 4. The grading of A defines an effective torus action T × X → X having the canonical map X → Y as a good quotient:
For any affine V ⊂ Y , the grading of Γ(V, A) defines a T -action on Spec(Γ(V, A)). This is compatible with glueing, and thus we obtain a T -action on X. By construction, X → Y is affine, and O Y = A 0 is the sheaf of invariants. Hence, X → Y is a good quotient for the T -action. The fact that T acts effectively is seen as follows: Since the algebra A admits locally nontrivial sections in any degree u ∈ σ ∨ ∩M , the weight monoid of the T -action generates M as a group. Consequently, the T -action has free orbits and hence is effective.
Step 5. Let f ∈ A u . Here we will prove the third part of the theorem. Note that by condition 1.5 (iii) of the map u → D(u), this will imply birationality of X → X.
In the situation of Step 1, the equality π( X f ) = Y f is obvious (and was already used there). In the setting of Step 2, it is possible to reduce to the first step by replacing f with a suitable multiple. This leads us to the situation in Step 3. There we used a simplicial fan subdivision of σ ∨ with maximal cones λ i . This defines birational morphisms ϕ i : X → X i and commutative diagrams
For the converse inclusion, note first that ϕ i induces dominant morphisms of the fibers X y → X i,y . Now, let y ∈ Y such that f vanishes along π −1 (y). Then, by fiber-wise dominance of ϕ i , the function f i vanishes along π −1 i (y). Hence, the previous cases result in y ∈ Y f .
The next statements are then easy: If Y f is affine, then so is π −1 (Y f ) and hence,
In particular, we have an isomorphism X f → X f in this case. The last statement can be proven as follows: For any
Step 6. The varieties X and X are normal.
It suffices to show that X is normal. This is a local problem, hence, we may assume in this step that Y is affine and, moreover, that for all u ∈ σ ∨ ∩ M , the homogeneous pieces A u := Γ(Y, A u ) of A are non-trivial. We may use any g u ∈ A u to obtain an embedding
Note that the equality Q(A)
The image of the above embedding can be described as follows:
Now, we consider the integral closureĀ of A in Q(A).
Recall thatĀ is also Mgraded, see e.g. [2, Prop. V.8.21]. Thus, in order to show A =Ā, we only have to verify that a homogeneous f ∈ Q(A), say of degree u ∈ M , belongs to A, provided it satisfies a homogeneous equation of integral dependence with certain h i ∈ A:
This equation implies in particular, that the degree u ∈ M belongs to the weight cone σ ∨ . Hence, we may choose an element g u ∈ A u . Suppose, for the moment, that D(u) is an integral Cartier divisor with its sheaf being locally generated, w.l.o.g., by g u . Then the above equation expressing the integral dependence of f takes place over
and we are done because of f ∈ g u Q(A 0 ) ⊂ Q(B) and the integral closedness of B.
In the general case, we choose an m > 0 such that mD(u) is an integral Cartier divisor. The previous argument yields f m ∈ A mu . Hence, by the description of A mu in terms of the injection ı mu :
Dividing this inequality by m shows f /g u ∈ ı u (A u ). This in turn means f ∈ A u , which concludes the proof.
Ingredients from GIT
In this section, we recall some facts on the chamber structure of the collection of GIT-quotients of a torus action on an affine variety. On the one hand, this will be a crucial ingredient for constructing the semiprojective variety Y and the pp-divisor D of Theorem 2.5. On the other, we will need an explicit description of the chamber structure in the toric setting for a systematic treatment of the examples presented later.
Let us briefly mention some general background: For projective T -varieties, Brion and Procesi [3] observed that the collection of all GIT-quotients arising from the different linearizations of a given bundle comes along with a piecewise linear structure. This has been generalized in [7] and [25] to arbitrary reductive groups and the collection of all GIT-quotients; see also [16] and [13] for some work in the toric setup.
We only need a simple affine version of the above results. Let X := Spec(A) be an affine variety, and suppose that T := Spec(C[M ]) acts effectively on X via some M -grading of A. For every u ∈ M , we consider the set X ss (u) ⊂ X of semistable points associated to the trivial bundle O X twisted by the character χ u . Concretly, denoting X f := Spec(A f ), this set is given by
These sets are T -invariant and open, and Mumford's construction [19] associates to any such set a good quotient
. Now, two points u 1 , u 2 ∈ ω∩M are called GIT-equivalent if they define the same sets of semistable points. Our task is to describe the GITequivalence classes.
We begin with the case that X = X δ is an affine toric variety, e.g., X = C n , with δ = Q n ≥0 . We use the language of [9] : Let M ′ , N ′ be mutually dual lattices, let δ ⊂ N ′ Q be a cone, and denote by δ its fan of faces. Then A is the semigroup algebra
, and the T -action is given by a surjective map M ′ → M associating to a monomial its M -degree. This leads to an exact sequence
Thus, by choice of notation, the weight cone ω of the T -action on X equals F * (δ ∨ ). The dual picture looks like
It is possible to express semistability in terms of combinatorial data:
Lemma 4.1. The set of semistable points X ss (u) ⊂ X is the open toric subvariety corresponding to the subfan Σ ′ (u) ⊂ δ given by
Here, as usual, τ * δ ∨ denotes the face being dual to τ δ; in other words,
Note that, for u belonging to the interior of the weight cone ω, the positive fiber ∆ ′ u intersects relint(δ). In particular, the polyhedron ∆ ′ u is of the full fiber dimension.
Proposition 4.2. With the preceding notation, we have:
induces an antihomomorphism from Λ to the poset of subfans of δ .
(ii) For every u ∈ ω, let P :
Moreover, each τ ∈ Σ ′ (u) max equals the preimage of P (τ ) under the restricted map P : 
Now we turn back to the general case, i.e., we consider again arbitrary affine varieties with torus action. Concerning the GIT-equivalence classes arising from the trivial bundle, we obtain:
an affine variety, acted on by a torus T = Spec(C[M ]).
Then there is a fan Λ in the lattice M having the following properties:
is an interior point of the weight cone ω, then we have
Proof. Choose a T -equivariant closed embedding X ֒→ C n into some C n endowed with a diagonal T -action. This can be done in such a way that X and C n have the same weight monoid and X intersects the big torus (C * ) n ⊂ C n . Then we obtain
because any T -homogeneous function of X extends to a T -homogeneous function on C n . This reduces the problem to the toric situation, where Lemma 4.1 and Proposition 4.2 (i) give the assertion.
Remark 4.4. In general, depending on the equivariant embedding chosen, the fan Λ of the previous proposition can be finer than the GIT-equivalence classes, i.e., it might be the case that u i ∈ λ i (i = 1, 2) are equivalent, but λ 1 = λ 2 .
Proof of Theorem 2.5
In this section, we prove Theorem 2.5. The setup is the following: X = Spec(A) is a normal affine variety with an effective action of a torus T = Spec(C[M ]), where M is a lattice. Moreover, ω ⊂ M Q denotes the weight cone of the T -action, and we fix a fan Λ in M subdividing the GIT-equivalence classes of the trivial bundle, as provided by Proposition 4.3.
Then, for every λ ∈ Λ, the map u → X ss (u) is constant on the relative interior relint(λ). We denote by W λ ⊂ X the set of semistable points defined by any of those u ∈ relint(λ) and, moreover, by q λ : W λ → Y λ the corresponding good T -quotient. In particular, we have W 0 = X = Spec(A) and Y 0 = Spec(A 0 ). The spaces Y λ are normal, the morphisms q λ are affine, and each of their fibers contains exactly one closed T -orbit, and hence is connected.
By Proposition 4.3, we can put together the quotient maps q λ : W λ → Y λ to an inverse system with q 0 : W 0 → Y 0 sitting at the end. Let us consider its inverse limit. Upstairs, on the W λ -level, we have just open embeddings inside X. Hence, we have to deal with
Downstairs, if γ λ, then there is an induced map p λγ : Y λ → Y γ between the quotient spaces. Moreover, there is a canonical map from W to the inverse limit of the Y λ , a nested fiber product over Y 0 . We define Y to be the normalization of the closure of the image of this map:
Note that in general, the limit of the Y λ might be reducible, but Y is by definition a decent normal variety. Moreover, we have an induced morphism q : W → Y . In summary, we obtain for each pair γ λ in Λ a commutative diagram
Proof. First, recall from [19] that each quotient space Y λ is projective over Y 0 . In fact, given any u ∈ relint(λ), the variety Y λ = X ss (u)/ /T equals Proj(A (u) ) with the finitely generated ring (Lemma 3.1)
It follows that Y is projective over Y 0 , and thus, that each of the maps p λ is projective, too. Since every Y λ is dominated by W , all morphisms p λ : Y → Y λ are dominant. Together with properness, this implies surjectivity of each p λ . The same reasoning leads to these properties for the p λγ .
Here we show the connectedness of the fibers. For a morphism between normal varieties, it is equivalent whether the generic fiber is irreducible, or whether it is connected, or whether the fibers are connected at all; use, e.g., Zariski 
The image q(W ) ⊂ Y is constructible, hence, we can choose a closed proper subset C ⊂ Y such that q(W ) and C cover Y . Let y ∈ Y λ be a generic point. Then, the fiber p
Since we know that the generic fiber of q λ : W λ → Y λ is irreducible, this also holds for the first part of the previous expression. Thus it suffices to show that this part actually fills the whole fiber p 
On the other hand, consider the restriction π λ :
. This contradicts the previous estimation.
Finally, we have to prove the claim about the maps p λ being birational. If we are given two cones γ λ both satisfying the assumption dim(
But Y can as well be obtained from the complete inverse system provided by all cones λ ∈ Λ, which intersect relint(ω). Thus, Y can be built from a system of birational maps, and the common open subset (where all the p λγ are isomorphisms) survives in Y .
We will now investigate certain coherent sheaves on the quotient spaces Y λ . As mentioned earlier, we have Y λ = Proj(A (u) ) with the ring
where u ∈ relint(λ) ∩ M may be any element. This allows us to associate to u a sheaf on Y λ , namely
Thus, in the terminology of [10] , our A λ,u is nothing but the sheaf on the Proj associated to the graded module A (u) (1). We call u ∈ M saturated, if the ring A (u) is generated in degree u. It is well known [2] that any u admits a positive multiple nu such that all positive multiples of nu are saturated. 
Proof. The first two assertions are obvious. To prove the third one, let g ∈ Q(A) such that g n ∈ (A f ) nu . We may assume that f appears in the denominator with a power divisible by n. Then, there is some k ≥ 0 such that (gf k ) n ∈ A. The normality of A implies gf k ∈ A; thus, g ∈ (A f ) u . We turn to the last statement.
, we need to prove that any u-homogeneous function g on W λ extends to X. By normality of X, it suffices to show that g has non-negative order along any prime divisor contained in X \ W λ . For the latter, we may also take any positive power g n . Thus, we may assume that u is saturated. Consider a prime divisor D ⊂ X \ W λ . Choose f ∈ A u such that the order ν D (f ) of f along D is minimal. Regarding g as an element of (A f ) u , we find a k ≥ 0 and an h ∈ A (k+1)u such that g = h/f k . Since the elements of A (k+1)u are polynomials in elements of A u , the minimality of
The sheaves A λ,u live on different spaces. By pulling them back, we obtain for every u ∈ ω ∩ M a well defined coherent sheaf on Y :
, where λ ∈ Λ is the cone with u ∈ relint(λ).
(ii) Let u be saturated. Then A u is a globally generated, invertible sheaf, and on the (not necessarily affine) sets Proof. Using an arbitrary cone λ ∈ Λ which intersects relint(ω) and some homogeneous f ∈ A with deg(f ) ∈ relint(λ), we obtain
Moreover, for the global sections of
Conversely, starting with an element a/b ∈ Q(A) 0 , then deg a = deg b is sitting in the interior of some cone γ ∈ Λ; thus, we have
The second assertion is a direct consequence of Lemma 5.2. For last part, use that the adjunction map
Hence, because of Lemma 5.1, it is an isomorphism.
Eventually, to prove the third assertion, we have to deal with the product A u A u ′ . Due to saturatedness, we obtain
′ and, moreover, γ, γ ′ ⊂ λ ∈ Λ (with λ being minimal). Then we have W λ ⊂ W γ ∩ W γ ′ . Conversely, again by saturatedness, we obtain
In particular, the sets X f f ′ cover W λ , hence, the Y λ,f f ′ cover Y λ , hence, so do the Y f f ′ with Y . On the other hand, the inclusion X f f ′ ⊂ X f induces a morphism Y λ,f f ′ → Y γ,f , and this also applies to f
and it follows that
Proof of Theorem 2.5. Let Y be the semiprojective variety defined at the beginning of this section. We will construct the desired pp-divisor on Y as a convex piecewise linear map ω → CaDiv Q (Y ) in the sense of Definition 1.5. The previous two Lemmas will be used implicitly. Our construction requires a (non-canonical) choice of a homomorphism s : M → Q(A) * such that for every u ∈ M the function s(u) is homogeneous of degree u. Since T acts effectively on X, such "sections" s : M → Q(A) * always exist. Now, if u ∈ ω ∩ M is any saturated degree, then there is a unique Cartier divisor
The local equation for D(u) on Y f with f ∈ A u is s(u)/f . For general u ∈ ω, we can choose a saturated multiple nu and define
Obviously, this definition does not depend on n, and one directly checks the properties of Definition 1.5 for the map u → D(u). Moreover, we can recover the M -graded ring A via
For saturated u, this is clear by the construction of D. For general degrees u ∈ ω ∩ M , we have to argue as usual:
Note that for the last step one uses normality of the ring A.
Functoriality properties
Our first results, Theorems 2.2 and 2.5, establish correspondences between ppdivisors on semiprojective varieties, on the one hand, and affine varieties with torus action on the other. In this section, we study the functoriality properties of these assignments.
Going from polyhedral divisors to varieties is functorial in an almost evident manner, but the reverse direction is more delicate. Nevertheless, in an appropriate setup, we obtain an equivalence of categories, and our results allow us to decide when two pp-divisors define isomorphic T -varieties, see Corollaries 6.10 and 6.13.
First, we have to fix the respective notions of morphisms. Concerning varieties with torus action, we will work with the following: Definition 6.1. Let X, X ′ be varieties endowed with actions of tori T , T ′ . We say that a morphism ϕ : X → X ′ is equivariant if there is an accompanying homomorphism ϕ : T → T ′ satisfying ϕ(t·x) = ϕ(t)·ϕ(x) for all (t, x) ∈ T × X.
Note that the accompanying homomorphism T → T ′ of a dominant equivariant morphism X → X ′ is uniquely determined. We turn to pp-divisors. To define the notion of a map between two pp-divisors, we first have to introduce polyhedral functions: Definition 6.2. Let Y be a normal variety, N a lattice and σ ⊂ N Q a strictly convex cone. A polyhedral function is an element of C(Y, N )
Definition 6.3. Let Y , Y ′ be normal semiprojective varieties, N , N ′ lattices with strictly convex cones σ, σ ′ , and consider pp-divisors 
we define the (proper) polyhedral push forward as
(Note that the relation "≤" among pp-divisors is equivalent to the opposite inclusion of their respective polyhedral coefficients.)
Thus, the pp-divisors form a category; the composition of (ψ, F, f) and (ψ ′ , F ′ , f ′ ) is defined in the obvious way: Just take (ψ
, which is again a map of pp-divisors. 
These maps fit together to a graded homomorphism Γ(Y
. This in turn gives an equivariant morphism ϕ : X → X ′ with the map ϕ : T → T ′ defined by F : N → N ′ as an accompanying homomorphism. Functoriality of this construction is clear. The fact that the functor is faithful, i.e., injective on morphisms, follows directly from the observation that ψ * can be recovered from X(D) → X(D ′ ) as the pullback of invariant rational functions.
Theorem 2.5 tells us that the functor X is surjective on isomorphism classes. Moreover, the proof of this result even provides a kind of an inverse to X: Definition 6.6. Let X be a normal affine T -variety. By a minimal pp-divisor for X we mean any pp-divisor D ∈ PPDiv Q (Y , σ) constructed from X as in Section 5, via taking the limit of the GIT-quotients arising from the T -linearizations of the trivial bundle of X and choosing a section s : M → C ( 
In order to obtain an equivalence of categories, we restrict ourselves to those maps of polyhedral divisors that define dominant equivariant morphisms. Let us call these for the moment dominating. Finally, we want to describe the isomorphism classes. A first step is to identify pp-divisors that only differ by the divisor of a polyhedral function. This is done by passing to classes: Note that the rational polyhedral Picard group is not the rational vector space associated to the (integral) polyhedral Picard group. In terms of the polyhedral Picard group, the announced description of the isomorphism classes is the following: Remark 6.14. The normal affine T -varieties X with dim(T ) = dim(X) − 1 are precisely those arising from pp-divisors on smooth curves. Since there are no nontrivial modifications in the curve case, no localization is needed in this case.
Proof of Theorems 6.7 and 6.8
Here, we prove the Theorems 6.7 and 6.8. We begin with an elementary observation on semiample divisors needed in both proofs. Step 1. The generic fiber of π : X → Y is the closure of a free T -orbit, and any other fiber π −1 (y) consists of finitely many T -orbits.
The first statement is clear by general theory of good quotients and by the facts that T acts effectively and dim(Y ) equals dim( X) − dim(T ). For the second one, note first that we may assume D(u) is Cartier for every u ∈ M . Indeed, as in Step 2 of the proof of Theorem 2.2, we see that that X M := X is finite over some X L , which matches our assumption for a suitable choice of a sublattice L ⊂ M . Now, provided that all D(u) are Cartier, the coordinate rings of the fibers, as graded vector spaces, look like
In other words, T acts with multiplicities one. Step 2. For every u ∈ ω ∩ M , the restriction of π :
is still a categorical quotient for the action of T . In particular, X(u) → Y is surjective.
Covering Y by open subsets, one easily may assume that Y is affine. Then, X is also affine. Consequently, for every f ∈ A Nu , the set X f is affine, and we obtain a commutative diagram:
Step 1 we know that X f / /T → Y is birational and has finite fibers. Since all varieties involved are normal, it is an open embedding. Theorem 2.2 (iii) says that X f is mapped onto Y f ; hence, X f → Y f is a good quotient. Now, given any T -invariant morphism X(u) → Z, we locally have unique factorizations via X f → Y f , and these maps glue. Moreover, since D(u) is semiample, we know that the open subsets Y f ⊂ Y cover Y .
Step 3. There is a canonical birational projective morphism ψ : Y → Y .
In the preceding step, we showed that, for every u ∈ ω ∩ M , the map X(u) → Y is a categorical quotient for the T -action. This gives in particular commutative diagrams
where the upper row is the glueing of the maps X f → X f . Eventually, the morphisms Y → X ss (u)/ /T are compatible and hence lift to Y built from the limit of the quotients X ss (u)/ /T . This gives an induced morphism ψ : Y → Y . Since both Y and Y are projective over Y 0 , the map ψ is projective as well. Birationality follows from the fact that Y is birational to some quotients X ss (u)/ /T (Lemma 5.1) which contain affine open subsets
Step 4. To conclude the proof, we have to compare D and the pullback ψ * (D). For this, recall that the divisors D(u) have been defined in the proof of Theorem 2.5 as
with s : M → C(X) being a section of the degree "map", andĀ u being certain sheaves on Y with global sections A u . Hence,
On the other hand, our present X comes from the pp-divisor D. Thus, there is a canonical map
In particular, we may may view s(u) as an element of C(Y ). This gives
Proof of Theorem 6.8. Let A denote the global ring of X. Then A is graded by the character lattice M of the torus T = Spec(C[M ]). As usual, if u ∈ M , we consider the open subsets X ss (u) ⊂ X of semistable points and the good T -quotients X ss (u) → Y u . We will use the analogous notation A ′ , T ′ etc. for the X ′ -world. Let F * : M ′ → M denote the lattice homomorphism arising from the accompanying homomorphism ϕ : T → T ′ . By dominance of ϕ : X → X ′ , every element u ∈ M ′ gives rise to a nonempty set
By the construction of GIT-quotients, the above inclusion is saturated with respect to the quotient map X ss (F * (u)) → Y F * (u) . Hence, we obtain commutative diagrams (of dominant morphisms): 
where, by the relative Chow Lemma, we may assume the modification Y → Y to be projective. Note that under the identification C(X) 0 = C(Y ) the pullback homomorphisms ϕ * and ψ * coincide. To conclude the proof, choose a section s ′ : M ′ → C(X ′ ) * , and let D ′ denote the minimal pp-divisor for X ′ defined by this section. Moreover, fix a section s : M → C(X), consider the corresponding pp-divisor for X, and let D denote the pullback with respect to Y → Y . Then we obtain a commutative diagram for the global sections:
. Using Lemma 7.1, one directly verifies that the triple (ψ, F, f) describes the desired map of pp-divisors D → D ′ .
In
Step 1 of the proof of Theorem 6.7, we studied the fibers of the canonical morphism X → Y for a given X := Spec Y (A) arising from some pp-divisor D ∈ PPDiv Q (Y, σ). Let us go a bit further in this direction. We assume that D is integral, i.e., of the form Recall that the coherent component of the toric Hilbert scheme is the toric variety associated to the state polytope of P . For the notion of P -(or usually called A-) graded ideals and their base spaces, the toric Hilbert schemes, we refer for example to [18] , [20] and [21] . 
Proof of Proposition 7.2. First note that O
Hence, using the M -grading of O Y,y [z 1 , . . . , z m ] provided by the linear map P , the ideal ker(Φ y ) is M -homogeneous and has the same Hilbert function as the toric ideal. This means that the O Y -algebra A is induced from a map from Y to the toric Hilbert scheme.
Moreover, if y ∈ Y misses all the divisors in D, then A y equals O Y,y [σ ∨ ∩ M ] as an O Y,y -algebra, and ker(Φ y ) is isomorphic to the toric ideal. This is the reason why Y hits the coherent component.
We would like to make the statement of Proposition 7.2 more explicit. The local equations of X ⊂ Y × A m arise as follows: If r ∈ N m , then there is a unique cone λ ∈ Λ such that P (r) ∈ relint(λ). It determines a unique s = s(r) ∈ N λ (1) ⊂ N m such that P (s(r)) = P (r). Now, since D is linear on λ, we know that Φ y (z
, we obtain z r − f (r)z s(r) ∈ ker(Φ y ), and these elements (parameterized by r ∈ N m ) generate the entire ideal. Thus, the coefficients f (r) should be considered deformation parameters.
Later we will shed some more light on the assumption that D is an integral pp-divisor: The general situation arises from this special case by by pulling back with respect to a finite morphism; see the end of Section 9.
Calculating pp-divisors
Here we indicate how to calculate minimal pp-divisors for a given normal affine T -variety X. The idea is to embed X equivariantly into an affine toric variety X ′ , for example X ′ = C n , and then to use toric methods. More precisely, we first show that any embedded X inherits minimal pp-divisors from its toric ambient space, and then we show how to determine these data in the toric case.
We use the notation of Sections 4 and 5. Thus,
is the toric variety of a cone δ in some lattice N ′ , and the big torus is T ′ ⊂ X ′ . Let X ⊂ X ′ be a closed embedding, equivariant w.r. to a closed embedding T ⊂ T ′ . We assume that X ∩ T ′ = ∅ holds. Recall that T ⊂ T ′ corresponds to a surjection F * : M ′ → M , and, concerning the T -action, X and X ′ both have the weight cone ω = F * (δ ∨ ) ⊂ M Q . As usual, σ := ω ∨ denotes the dual cone. By construction, the minimal pp-divisors for the T -action on X ′ live on a toric variety Y ′ , and we have a canonical map q
The first observation is that we obtain minimal pp-divisors for X by cutting down:
Proof. We show that the construction of D according to Section 5 is compatible with embedding. As observed in Proposition 4.3, we obtain X ss (λ) = (X ′ ) ss (λ)∩X for any of the cones λ ∈ Λ. Moreover, we have the diagram of T -quotients 
Taking the normalization of the closure of the image in both columns, we obtain the final ı :
Since D is toric and we have X ∩ T ′ = ∅, the pullback ı * (D) is well defined; it is the minimal pp-divisor of X defined by the section u → ı * (s(u)).
Now, we should deal with the toric situation, i.e., the setup of Proposition 4.2, in more detail. We have X ′ = X δ with δ ⊂ N ′ Q , and the T -action on X ′ is described by the exact sequences
The good quotients Y 
Moreover, the variety Y ′ sitting in the inverse limit of the Y is the image fan P ( δ ), i.e., it is the coarsest refinement of all triangulations of the set {P (e i )}.
(ii) In [16] , the toric variety associated to the fan Σ ′′ has been interpreted as the Chow quotient of some projectivation of the T -action on X δ .
We also know the ample sheaves A 
For a one dimensional cone ̺ ∈ (Σ ′′ ) (1) , let D ̺ := orb(̺) denote the corresponding closed, 1-codimensional orbit of the maximal torus action on Y ′ = X Σ ′′ , and let v ̺ ∈ ̺ be the primitive lattice vector of ̺. Then as a Weil divisor, we have, compare [9, p. 66] : 
The remaining task is to write the map u → D(u) explicitly as a polyhedral divisor. This runs as follows:
. Then, with σ = δ ∩ N Q , we obtain a toric minimal pp-divisor for X ′ = X δ by setting
Moreover, in terms of the corresponding section r :
Proof. This claim translates into min s
, and it follows from a more general duality statement: If x ∈ δ (take x ∈ P −1 (v ̺ )∩δ) and y ∈ δ ∨ (take y = s(u)), then
To prove this equality, one easily observes first that, for x ′ ∈ P −1 (P (x)) and y ′ ∈ (F * ) −1 (F * (y)), the value of x ′ , y − y ′ does not depend on x ′ , but only on its image P (x ′ ) = P (x). In particular, both min P −1 (P (x))∩δ, y and min P −1 (P (x))∩δ, y ′ are realized at the same x ′ , and their difference equals x, y − y ′ . As a consequence, one sees that the status of the validity of the above equation does not change if one moves x or y inside the fibers P −1 P (x) and (F * ) −1 (F * (y)), respectively. In particular, we can, w.l.o.g., assume that x and y both realize the respective minima. Then, we obtain 2 x, y for the left hand side, and the relation "≥" is proven. Hence, it remains to check that
But this is an easy consequence of Proposition 4.2: First, if u is an interior point of ω, then P = P , and part (ii) of this proposition implies that P maps |Σ ′ (u)| surjectively on P (δ). On the other hand, if u ∈ ∂ω, then part (i) says that Σ ′ (u) gets even bigger; hence, this statement remains true. Now, we have
) ∩ δ ∨ and any element from the non-empty P −1 (P (x)) ∩ τ realizes the value 0 in the above pairing.
Special morphisms
In this section, we study three types of morphisms that illustrate Definition 6.3: forgetful maps, open embeddings, and finite maps. These examples are of interest on their own. While the last have already been used in this paper, the open embeddings are important for glueing affine T -varieties (which will be carried out elsewhere).
As in the theory of toric varieties, open embeddings can be described by applying the face operators to the participating cones and polyhedra.
Let us begin with the forgetful maps -they describe forgetting part of a given torus action. To know about them makes it possible to use the opposite point of view and to detect, in a given family of T -varieties, degenerations admitting a higher-dimensional torus action, e.g., to detect toric degenerations.
As in Section 8, we consider an affine toric variety X ′ = X δ arising from a cone δ in a lattice N . On the one hand, X ′ comes with the action of its big torus T ′ ⊂ X ′ . On the other, any exact sequence
gives rise to a subtorus T ⊂ T ′ acting on X := X ′ . According to Proposition 8.5 and Example 2.3, the actions of T on X and T ′ on X ′ are described respectively by the following data:
• the toric variety Y arising from the fan Σ ′′ := P ( δ ), the cone σ := δ ∩ N Q and the (toric) polyhedral divisor The forgetful map is the identity map ϕ : X → X ′ , accompanied by the closed embedding ϕ : T → T ′ . It describes forgetting the T ′ -action on the T -variety X. In terms of the above pp-divisors, we have:
Proof. Let f be the polyhedral function corresponding to the linear map
From this we infer that (ψ,
The polyhedral coefficients of F * (D) are the Minkowski sum of δ and
Hence, F (∆ ̺ ) + r(v ̺ ) + δ is contained in δ, which means that F * (D) + div(f) ≥ 0 holds. Now one checks directly that (ψ, F, f) describes the forgetful map.
Our second example for an equivariant morphism described in terms of ppdivisors is the open embedding X f ⊂ X arising from the localization by a homogeneous function. More precisely, let
be a polyhedral divisor, and consider a homogeneous element f ∈ Γ(Y, O(D(w))).
Then we obtain a localized polyhedral divisor
where σ f := σ ∩ deg(f ) ⊥ , and ∆ deg(f ) ∆ denotes the face on which the linear form deg(f ) ∈ M becomes minimal. Proof. Set w := deg(f ) ∈ M . In a first step, we consider the piecewise linear map u → D f (u) and show that, over Y f , one has
We compare the coefficients of the respective prime divisors. For D f (u), they are of the form min ∆ w , u . If u attains this minimum at the vertex v ∈ ∆ w , then, for k ≫ 0, the vertex v provides a minimal value for (u + kw) on the whole polyhedron ∆. Thus, we may infer the above identity from 
Using this, one easily checks the properties of Definition 1.5 for u → D f (u). In other words, D f is a pp-divisor. To conclude the proof, it suffices to verify that for any u ∈ σ
Consider an element g/f k of the left hand side. Then div(g) + D(u + kw) ≥ 0 holds. Hence, still on Y , we have
belongs to the right hand side. For the reverse inclusion, take any element from the right hand side; we may write this element as g/f k with k ≫ 0. From the relation
on Y f , we obtain the existence of an ℓ ∈ Z such that the same divisor is ≥ −ℓ D on Y . Moreover, we may assume that ℓ ≥ k. Then,
holds on Y . Using the convexity property of the map u → D(u), we can conclude
However, this shows that g/f k = gf ℓ−k /f ℓ belongs to the big union of the left hand side. 
For a minimal pp-divisor D, the pp-divisor D f need no longer be minimal. This emphasizes the use of localizing the category of pp-divisors in the sense of Corollary 6.10.
Finally, let us briefly glance at finite equivariant maps. More precisely, we consider two canonical ways to "make" a given rational pp-divisor D ∈ PPDiv Q (Y, σ) integral, which has already occurred in the text:
Firstly, in Step 2 of the proof of Theorem 2.2, we restricted the function u → D(u) to a sublattice L = M ′ ⊂ M of finite index. In the language of Section 5, this means to remove the non-saturated degrees.
On the dual level, this procedure corresponds to an enlargement F : N → N ′ , and the push forward 
Examples
In this section, we present several explicit examples. The calculation of the ppdivisor for a given T -variety X will always be done by embedding into some C n and then using Proposition 8.5 with N ′ = Z n and δ = Q n ≥0 . In particular, we will use the notation from the preceding section.
If dim(T ) = k, then the T -action on C n will always be given by a (k × n)-matrix F * (k,n) representing the degree map F * : M ′ → M ; this means that M ∼ = Z k , and the i-th column of F * (k,n) equals F * (e i ) = deg(x i ) ∈ Z k . The cone σ ⊂ N Q = Q k equals the dual of the weight cone ω, which is generated by the columns of F * (k,n) . To enable the reader to calculate examples without doing the linear algebra himself, we now provide an explicit receipe for obtaining the remaining data, for example, the fan Σ ′′ and the polyhedra ∆ ̺ with ̺ ∈ (Σ ′′ ) (1) :
Step 1. Do integral Gauß elimination with rows and columns for F * (k,n) , and keep a record of the transformations made:
Then, σ ⊂ N Q is the cone generated by the vectors (1, 0) and (1, 12) . Gauß elimination as in Step To obtain the moved positive fibers ∆ ′′ u and the corresponding fan Σ ′′ , we perform Step 2 and obtain ∆ ′′ u = (x 1 , x 2 ) x 1 ≥ −u 1 /3, x 2 ≥ u 1 /4, (x 1 + x 2 ) ≤ min(0, u 2 ) , and Σ ′′ is generated by the rays through (1, 0), (0, 1) and (−1, −1), i.e., Σ ′′ is the standard fan of P 2 , and the generators correspond to the coordinate axes of P 2 . Since all generators stem from the standard basis vectors of Q 4 , the third step suggests that we should calculate the matrix Note that deg(D), i.e., the Minkowski sum of the polyhedra, is "generated" by the line segment connecting (1/12, 0) and (1/12, 1), which is contained in σ. Since Y = P 1 is a curve, this indicates that D is semiample.
Example 10.4 (The Russell cubic). The Russell cubic became famous because it is an exotic C 3 . It is the hypersurface X ⊂ C 4 given by the equation
The Russel cubic is an example of a non-good C * -action; it admits a unique C * -action described by the degree matrix F * (i) Does it provide any hint to the fact that the Russell cubic is an exotic C 3 ? (ii) What happens if we take Y = C 2 (without blowing up) with the above D? (iii) What kind of threefold is described by using a compactification of C 2 ?
Example 10.6 (The affine cone over the Grassmannian G (2, 4) ). We consider the affine cone X 24 over the Plücker embedded G(2, 4) ⊂ P 5 . Then, X 24 is invariant under the action of the four-dimensional torus on C 6 encoded by the map
where we take {E 12 , E 13 , E 14 , E 34 , E 24 , E 23 } as a basis for M ′ = Z 6 and the vectors e i are the canonical base vectors Z 4 ; their dual base vectors will be denoted by e i . The corresponding matrix equals
